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ABSTRACT
This thesis outlines one approach in designing a
system which involves a second order nonlinear differential
equation.

A large number of variables are involved in

this analysis.

Therefore, there are many solutions to the

problem but only a few of these will satisfy all required
conditions.

The analysis will be aided by the use of an

analog computer.

This computer can be manipulated to

obtain optimum values for the different variables.
The computer results are presented in graphical form.
Reasonable values for the different variables are obtained
from these graphs.
The characteristics of the unwinding device were
simulated on the analog computer.

The analog circuit was

designed to allow a complete investigation of the device.
These characteristics are presented in graphical form to
insure that all design requirements were attained.
All variables required to produce a constant velocity
paper unwind device can be calculated or reasonably assumed
after this study.
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I.

INTRODUCTION

This thesis outlines an investigation of a paper
unwinding device which will allow paper to be removed from
a roll at a constant velocity.
The problem involves a second order differential
equation with numerous variables.

Therefore, the analog

computer is best suited to obtain the optimum results with
the least number of calculations.

The analog circuit can

be designed to simulate the actual device, and the optimum
value for the different variables can be computed by
manipulating the different components in the circuit.
The analog computer used in this study is a small
educational model and is limited in its capabilities.
This must be kept in mind as the solutions are obtained
and analyzed.

A much more extensive study could be made

with the larger analog computers available in industry
today.
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II.

LITERATURE REVIEW

Analog computers are very useful in solving dynamic
problems in which the motion can be expressed in the form
of a differential equation.

The basic component of the

analog is the DC operational amplifier.
Rf
Ef = Voltage In
Eg = Grid voltage
E 0 = Voltage out
The amplifier is a high gain direct-coupled amplifier with
negative feed back.

The gain of an amplifier is described

by the output voltage divided by grid voltage ratio
(E0/ E g ) .

This ratio varies with different computers from

1,000 to as high as 10® for large computers.
gain amplifier is employed,

Since a high

the amplifier grid voltage

approaches zero and for all practical purposes can be c o n 
sidered at ground potential.
input to the amplifier.

The grid of the tube is the

Therefore,

since no current will

go through the amplifier from the input, the feedback

The circuit shown above represents the addition, su b 
traction, and multiplication amplifier.
Since

i = E
R

Ei ^
Hi

E0
Rp

Therefore,

E0 ~

Rf
Hf"

Ei

3

Addition or subtraction can be accomplished very simply.
Since Eg = 0, the sum of the currents in the input resistors
equal the current in the feedback resistor.
il + ±2 + 13 +£in = if

Therefore,

since i = E/R

E 1/ R 1 + E 2/ R 2 + E^/R^ = -E0/ R f
Therefore E-j_ (Rf/Ri) + Ep (Rf/Rp) + E 3

(Rf/R 3 ) = - E Q

Multiplication can be achieved by utilizing the Rf/Ri ratio.
Subtraction can be achieved by introducing negative voltages
in the input.
The high gain amplifier can be used for integration
also by replacing the feedback resistor by a capacitor (Cf).
Therefore, E-j_/Rj_ = i = dQ/dt where Q, is the charge on the
feedback capacitor.

The change in charge

(dQ) is equal to

the capacitance of the capacitor multiplied by the change
in output voltage or dQ = C f dEQ , or

E-^/Rj^ = -Cf (dE0/dt) .

Solving for dE 0 = +(l/R 1 Cf) E^dt and then integrating,
E 0 is obtained.

E 0 = l/R-^C^ / Ej_dt + E ^0 where Ep 0 is the

voltage across the capacitor at time equal to zero.
Therefore, the output voltage is the integral of the input
voltage with respect to time.

FIGURE 1 - Paper Unwinding Device

4
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III.

PROBLEM ANALYSIS

Figure 1 gives an idea of the unwinding device features.
The diameter of the roll starts at 30 inches and decreases
as the paper is removed from the roll.

The distance from

the pivot point of the arm to the spring connection G is one
of the variables.
the brake drum.

This dimension G is also the diameter of
The dimension H can be adjusted by concentrat

ing the weight of the arm at different locations on the arm.
Therefore, H must be calculated.

The weight of the arm must

be determined as well as the spring constant and the m a x i 
mum velocity of the paper.

The sum of the distances of the

two pulleys from the brake arm pivot point is (E + C) where
E is the distance from the outer pulley to the pivot and
C is the distance from the inner pulley to the pivot.

These

should be kept at a minimum because the spring constant
and brake arm weight are directly proportional to the sum of
the two distances squared (reference Equations 15 and 16).
A distance of 30 inches was assumed for dimension E.

A

shorter arm would make the device too sensitive, and a
longer arm would make it too bulky (see Figure 1).

A mini

mum value of 15 inches was chosen for the inner pulley to
pivot dimension.
The problem requires the Investigation of paper tension,
paper velocity, arm angle, braking, velocity of roll, acceler
ation of arm, and velocity of the arm.

The paper ten

sion must be kept at a minimum for protection of the

6

paper.

Since the problem requires the assumption that the

cosine 9a be unity, a cosine 9 factor is not included in the
calculations.

For this assumption to be valid,

angle should not exceed 12 degrees.

the arm

The velocity of the

paper, arm, and roll will be determined after the other
variables are determined.
The diameter of the roll of paper will decrease as
the paper is unrolled.

The roll diameter was not c o n 

sidered a variable in the differential equation;
it was a constant in the analog circuit.

therefore,

This required a

slightly different circuit for different roll radii.

The

voltage output from the analog circuit was accurate for
only a short period of time since the roll radius was
decreasing and changing the values which were considered
constant in the circuit.

7

P P

(The location of the center of mass of the brake arm is
designated by N.
The dimension H is the distance from the
arm pivot point A to the center of mass.)
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IV.

DYNAMIC ANALYSIS

Dynamic equations for the arm and roll as the paper is
"being removed, can be derived by considering the equi
librium conditions of each member in the device.
Equation 1 is derived by considering the forces on the
arm (Figure 1), assuming 9Q > 9 a > 0 ,

and summing moments

about the arm pivot point A.
X Ma = Ja ■—

rrl

’

PS

= K (S 0

-

ea )

g

2 PE + 2 PC - Wa H + K (0 - ©a )G 2 - Ja

d 29
___ ±
dt 2 .........

1.

Equation 2 is obtained by considering forces on the
roll and drum (Figure 3) and summing moments about the
center of the roll of paper.

G
PX - ? (UN) = Jr

d 20r
~ ^ T

........

;

An expression for the normal force on the brake shoe
can be determined by considering the forces on the brake
shoe (Figure 4) and summing moments about the brake shoe
pivot point.
= 0.

N(a) - Fs b - (a') uN = 0

Assuming a = a 1, and b = 2a, an expression for the normal
force (N) is obtained:

1 - u

3
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By combining Equations 2 and 3 , Equation 4 is obtained.

px
p =

Gu

( 2 Fs )

2

(1 - u)

G Fs

(u )

"X

TT^T)

d 20r
dt 2

r

+

Jp

d20jo

X"

dP“

.

4.

The relationship between the acceleration of the roll
and the arm can be obtained by the following expression:
Paper taken away per unit time is equal to the paper supplied
from the roller plus the paper taken up in storage, which is:
Vt = (2E + 2C)

(0a - 9st) + Op X

V = 2 (E + C)

+

.........

5.

x

dt

dt

When time is equal to zero, the angular velocity of the
roll is zero; therefore:
d©a
dt

=

V
2 (E + C )

.........

This is an initial condition for the arm.

6.

By taking

the second derivative of Equation 5* Equation 7 is obtained.
0 = 2

,
. d 29a
(E+C) — I*
dt'

Therefore,

d 29r>
dt^

+ ~

d 20r,
dt'

- 2 (E+C)
X

d 29£
dt*

.........

7.

By substituting Equation 7 and the Equation for F s into
Equation 4, an expression for the paper tension is obtained.
KG2
—
X

.
IT—--GT)

-

2 (E+C)
£
1

T

J.tr

d
a 2©*
~wa

8.
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A second order nonlinear differential equation can be
obtained by substituting the equation for tension into
Equation 1.
2 (E+C) T

2

-p—
+ K (9o-ea ) G 2 = Ja

d20a'\

WaH

Jr

Hr ^

Rearranging this equation:
4 (E+C)
t

d2© Ci
Jr + Ja

X‘

]

o
+ KG2

dt ‘

2(EfC) u + l~](9o-Q )+WaH = 0

L X (1-u) J
•

•

•

9.

•

The general differential equation for Equation 9 is:
d 2©„
K1

d^ § -

k2

10

(e 0-e a ) + K 3 = o
4( e + c )

Where:

-

.

2 (E+C) u
+ Ja

,

~~ X 2

K2 = KGS
[ X

(1-u) + ]

K3 = WaH
Considering the above Equations 9 and 10 when time is
equal to zero, an expression for 0O can be determined.
Since 0a = ©st is a constant value, ^ a and
are equal
dt
dt2
to zero.
If the acceleration of the arm is zero, the
expression for the arm angle required to release the brake
relative to ©st is reduced to (0o _est) = ^ 3/ ^ 2 *

• • •

H.

An expression for the paper tension can be obtained
for computer purposes by rearranging Equation 1 as follows:

2(E+C)P = waH - KG2 (e 0-e a ) + Ja

dt

12.

11

In deriving the equation for the angular acceleration of
the roll (Equation 7 ), the velocity of the roll was o b 
tained .
dOr
dt

V
_

X

2 (E+C)
X

d©a
dt

.........

Equation 10 can be written another way for computer
purposes:
d 20„
----

=

Ko
Ko
—
(Q - q ) - —
K]_
°
a
K]_

.........

l4#

This is a second order nonlinear differential equation
in terms of the brake arm angle.

The damping term is not in

this final equation., but the arm velocity was involved in
deriving the equation.
The radius of the roll squared appears in the denomina
tor of the

term.

The roll radius is also introduced in

the denominator of the K 2 term.

This radius will decrease

as the paper is removed from the roll.

Since this equation

is in terms of arm angle only, it will be set up on the ana
log computer in terms of the arm angle, and the roll radius
will be treated as a constant.

Values for the

and K 2

terms were calculated for different values of the roll radius.
These values can be investigated to determine the effect of
the decreasing roll radius.

O
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CQ

O
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O
i
—!

O
-P

o
u
o
-p
CQ
•H
CQ CO

<D
&
bO
<D « 3
t—I-P
P iH
ctf O
•H t>
Sh
a o

>n

P h CO

FIGURE 5 - Schematic of Analog Circuit
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V.

CIRCUIT ANALYSIS

Two Heath Educational Analog Computers were used in
this analysis.

Each computer has nine DC amplifiers, each

using a high gain circuit with a pentode driving a cathode
follower output.

Thirteen amplifiers were employed.

The computer can be used to simulate the physical
properties of many devices.

In this case, the circuit will

simulate the properties of the paper unwind device.

This

is accomplished by first deriving the differential equation
for the system and then using the computer to solve the
differential equation for the arm motion.
The circuit shown in Figure 5 represents the entire
system including all variables involved in the problem.
Through the manipulation of the circuit potentiometers, the
effect of different variables can be investigated.
Amplifier 4 represents the algebraic sum of the actual
arm angle and the angle required before the brake is released.
If the arm angle is greater (on the positive side) than the
required brake release angle, the resultant output voltage
is negative.

The diode installed in the circuit allows

positive voltage to pass through but will not allow negative
voltage to pass.

Amplifier 1 changes the sign on one bridge

lead so that both leads can be summed in Amplifier 2.
Amplifier 3 multiplies the summation from Amplifier 2
by a factor of ten.

A balance voltage is summed with the

voltage from Amplifier 2.

This balance voltage is used to

14

set the output of Amplifier 3 at zero when the output of
Amplifier 4 is zero.

The balance voltage was necessary due

to the slight inbalance and errors introduced in this bridge
amplifier arrangement.

Therefore, the output from Ampli

fier 3 represents the summation of angles out of Amplifier 4
multiplied by the K^/K^ ratio.

The output of Amplifier 3

is used to simulate the brake.

As shown in Figure 8, when

the diode is not conducting, the brake is released.
Amplifier 5 sums the voltages required to obtain the
angular acceleration of the brake arm (See Equation 14).
There is also an initial condition on this amplifier due to
the velocity of the brake arm before the roll attains a
velocity.

This initial condition is shorted out by the

relay after the operation starts.

Amplifier 5 is also an

integrating amplifier, and since the acceleration of the
arm is entering this amplifier, the negative velocity of the
arm is the output of the amplifier.
Negative arm velocity from Amplifier 5 is fed into
another integrating Amplifier 6.
fier is the positive arm angle.

The product of this ampli
This angle is fed back into

the angle summing Amplifier 4 which has already been ex
plained.
Tension in the paper is an important factor and is
determined by Amplifier 8.
the tension.

Formula 12 is used to determine

This formula involves three terms.

By

dividing both sides of the equation by the term Kq, one term
becomes a familiar term K^/Kq which is the same term that
is feeding into Amplifier 5 from Source 1.

The second

15

term to be summed is the difference between the arm angle
and the angle required to release the brake.
Is obtained out of Amplifier 3.

This dlfferenc

The third term is the

acceleration of the arm which again requires the summation
of the two terms shown in Equation 14.
Equation 13 shows the two terms required to obtain the
angular velocity of the roll.

One term involves the angular

velocity of the brake arm from Amplifier 5, and the other
term requires the velocity of the paper being removed from
the roll.

The paper velocity is introduced by Source 5.

These two velocities are summed in Amplifier 9 to obtain
the velocity of the roll.
The voltage readings out of the amplifiers were taken
by a Brush Recorder, voltmeter, and an oscilloscope.

The

Brush Recorder was used to record the changing voltage from
the amplifiers.

The recorder provides permanent chart

recordings such as those in Figures 7 and 8 .

The Brush

recorder possesses many good features such as the following:
(l)

Sensitivity varies from 10 volts per chart line to

10 millivolts per chart line; (2) Chart speeds of 1, 5, 25,
and 125 millimeters per second can be selected instantly;
and (3) The pens can move positive or negative depending on
the polarity of the voltage.
Accuracy in this circuit depends on high gain of the
amplifiers, precision of the computing components, and time
lapse in reading amplifier outputs.

The gain of the ampli

fiers in the Heath Computer used in this solution was 1,000.

16

All resistors used in the calculation were either one per
cent precision resistors or measured within one per cent
by a Heath impedance bridge.
per cent mylar capacitors.

The capacitors were five
The voltage readings were

taken as soon as possible after the system was started
because errors are introduced due to amplifier driftj
capacitor leakage,, and because the simulated equation is
nonlinear as explained in the circuit analysis.

17

FIGURE 6
Picture of the Complete Computation System
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VII.

PROCEDURE FOR SOLVING PROBLEM

Rough estimates of the different variables In this
problem were made.

These estimates were used to determine

the proper scale factors for the circuit.

After this was

accomplished, a great deal of preliminary data was taken
to determine the effects of different variables on the
circuit and also to determine whether the circuit was w o r k 
ing properly.

A large quantity of this preliminary data and

graphs will not be included in this report.

Onl y the i n 

formation which is directly associated with the results
is included.
An investigation of the circuit reveals that the
velocity of the paper and the terms

and K 2 (concentrating

the variables) are the three adjustments in the circuit.
The other variable not included in the circuit is the radius
of the roll.

Since

and Kp involve many variables, it will be less

laborious to determine the optimum values for the K^/K-^ and
K 2/K 1 terms and to calculate the variables from the optimum
values.

Plates 1 and 2 show the results of this investi

gation.

The values for K 3/K 1 and K 2/K 1 were calculated

using reasonable values for (E+C) and G (See Figure l).

The

(E+C) term was assumed to be 45 inches where E equals 30
inches and C equals 15 inches.

The brake drum diameter

(dimension G) was assumed to be 6 inches.

Term (E+C) was

made as large as possible since it is inversely proportional

19

to the tension and the initial arm angle (0Q ).

The value for

the brake drum diameter was assumed as large as possible
since the paper tension decreases as G increases and the initial
arm angle is inversely proportional to G.

The coefficient of

friction was assumed to be .35 for all calculations.
Preliminary investigations with the help of the analog
computer enables the writer to determine a rough value of
arm weight (Wa ) and spring constant (K) by considering arm
angle and paper tension.

The chosen values allowed the arm

to stay under the 12 degree limit and at the same time pro
vide a small tension in the paper.
Using the assumed values and the rough values for Wa
and K, a range of values for
lished.
tion.

and

were estab

Plates 1 and 2 show the results of this investiga
Plate 1 indicates the effect of

arm angle for constant values of Kg/K-^.

on the paper
Plate 2 provides

the tension in the paper as the Kg/^i term increases and
KyTC-^ remains constant.
arm angle as

and

increases when

These plates indicate a decrease in
increase, but the tension also

increases.

An investigation of

reveals that a value of .06 is a good compromise between
the arm angle and the tension.

This

to calculate the exact weight of the arm.

value was used
The calculation

was made at the maximum radius of 15 inches.

Other cal

culations were then made using 10 inches and 5 inches to
determine the effect of the decreasing radius on the design
variables.

Using the equation below, the arm weight of

20

68.6 pounds was calculated.

This weight was then used for

calculations of K 3/ K 1 for different roll radii.
4 ( E + C ) 2 (Sp ) L X 2

15
Plates 1 and 2 show that a value of

.4 or larger for

the K 2/K-L will allow the arm to move less than 12 degrees.
A value of

.7 for Kg/K^ produces a maximum brake arm m o v e 

ment of approximately 10 degrees.

T h e r e f o r e , this value

was used for the calculation of the spring constant.

A

larger value could have been used, but the K 2/K;l term is
directly proportional to the spring constant;

therefore,

the spring constant can be kept at a minimum with the
value.

.7

The spring constant is also affected by the brake

drum diameter which was assumed to be six inches.

The

spring constant is inversely proportional to the square of
the drum diameter;

therefore,

this diameter was assumed as

large as possible to keep the spring constant small.

With

the above assumptions the spring constant K can be c a l 
culated from Equation 16.

This produces a value of 89 .1

pounds p e r inch for the spring constant.
K2
k7

2 (E+C )2 IT X 2 (Sp)

(L) + W aH 2

16 .

21
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24

Brake Ar m Angle

(degrees)

r Velocl

(Incheb)

PLATE 4 - Brake A rm Angle vs

Radius

25

26

28

With all constants determined, the problem was set up
on the computer keeping in mind that the values for K^/K^
and Kg/K^ terms are only for a roll radius of 15 inches.
New terms must be calculated using a roll radius of 10
inches and 5 inches.
Using a roll radius of 15 inches, the K^/K^ term is
.06 and the Kg/Kq term is .7.

When time is equal to zero,

the arm acceleration and arm angle are zero; therefore,
Equation l4 becomes K^/Kq (©0 ) = K^/Kq. Since K^/K^ and
Kp/Ki are established, 0 = K^/Kq

=

K2A1

.06 = .0857 radians
~

or 4.9 degrees.
A time scale factor of .03 was used to determine the
proper voltages.
Source 1

These voltages are:

KoK
■
—
=
Factor

Source 4 --- --Factor

-

.06
— rr
.03

= 2 volts

-----.03

=

2.86 volts

These values were regulated at the proper sources.
Amplifier 3 was balanced by Source 2 to obtain an out
put voltage of zero for Amplifier 3* with zero voltage in
put to the bridge.

Potentiometer 1 was regulated to obtain

the Kp/Kq (©o - ©a) = K^/K^ requirement and the circuit was
ready to operate.

All variables were investigated as the

velocity of the paper was increased.

This velocity was

regulated by Source 3* and it put an initial charge on the
integrating circuit of Amplifier 5.
mined from Equation 6.

This voltage was deter

For example, consider a paper velocity

29

of 12 Inches per second.
12 in/sec.

V

dQa

dt

2 (E+C)

.133 radian/sec.
dt

=

= .133 radian/sec.

90 in.

= 4 . 4 4 volts

703

Source 5 was regulated identically with Source 3 since
Source 5 also represents Equation 6.
The following table shows the different values for
the constant ratios as the diameter decreases.
TABLE 1
Dia.
of
Roll

K 3A 1

k

2A

15

.06

.7

10

.13

2.05

5

.532

15.7

9o

3

Jr

Ja

13,500

1,167

534-

51.3

8,600

17,600

1,167

106

51.3

2,181

34,300

1,167

6.62

51.3

Ki

k2

19,300

3.63°
1.94°

i

4.9°

k

The tension and roll velocity amplifiers are the only
two amplifiers that required different time scaling after each
change of roll radius.

This was due to the fact that the

roll radius is included in the formulas.
The formula for tension used in the computer is

i—1

11

2 (E+C)

KG2
k3
Ki “ K l ~

Ja
(®o “ ©a) + K _^

Table 2 gives the values required for the different
resistances in the tension circuit (Amplifier 8) as the
roll radius is decreasing.

The conversion factor in the

table is used to convert the voltage readings obtained in

30

the circuit to actual tension in the paper in pounds.

The

output voltage of Amplifier 8 is multiplied by the c o n 
version factor.

TABLE 2
Conversion

105

10

105

5

105

Factor

R3

3.76

42200

.644

1.68

55000

C\J
•

15

R 2 x 106

R1

105

4.25

00

R

o o
—1
i
—i 1

X

1.07 x 106

.727

The velocity formula as it was used in the computer is
as follows:
X

dQr

2 (E+C)

=

dt"

V
2 (E+C)

dQa
"dt

Table 3 gives the resistance and conversion factors
required in the roll velocity circuit (Amplifier 9).

A

resistance of 10^ ohms is used throughout the problem, but
the conversion factor changes.

This conversion factor is

multiplied by the voltage output of Amplifier 9 to obtain
the velocity of the roll in radians per second.
TABLE 3
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Table 4 gives brake arm angle and tension results for
different K^/K-^ ratios.

These values were used in graphical

form to obtain the optimum values.

All values represent

maximum conditions, and Figures 7 and 8 show that the
maximum conditions were attained for a very short time.
Runs 14, 15, and 16 represent the final design of the
undamped unwind system and the values for 15-,
5 -inch roll radii.

10-, and
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BRAKE ARM ANGLE

TENSION IN PAPER

ANGULAR VELOCITY OF ROLL

ON AND OFF TIME ON BRAKE

Brake
Off

FIGURE 7
Brush Recorder Charts of Run 14 Without Damping
These readings were taken at a chart speed of 5mm/sec.
with paper velocity of 12 inches per second and roll radius
of 15 inches.
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BRAKE ARM ANGLE

TENSION IN PAPER

Scale: 1 Line = .86 degrees
Run 26, X = 15 in.
ANGULAR VELOCITY OF ROLL

Scale: 1 Line = .18 rad/see.
Run 26, X = 15 in.

BRAKE ARM ANGLE

Scale:

ANGULAR VELOCITY OF ROLL

1 Line = .344 degrees
Run 23, X = 5 in.

Scale:

1 Line = .54 rad/sec.
Run 23, X = 5 in.

FIGURE 8
Brush Recorder Charts of Runs 23 and 26 With Damping
These readings were taken at a chart speed of 5mm/sec.
with paper velocity of 30 inches per second critically damped
(Kii/Kj = 1.67) and a roll radius (x) of 15 and 5 inches.
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TABLE 4
Undamped Condition

BRAKE ARM ANGLE (degrees)
Run
No.

K 2/ K i

1

.293

.03

3.27

12.4

18.9

11.1

2

.293

.0482

3.42

11.2

15.5

15.1

3

.293

.06

3.28

9.7

13.1

17.0

4

.6

.06

2.06

6.86

10.65

15.1

5

.293

.0964

3.1

9.62

12.4

25.5

6

.0964

.03

14.8

29.2

10.15

7

.172

.03

8.6

20.6

8.38

11.45

8

.55

.03

5.33

17.2

7.74

10.9

.06

2.58

9

13

k

3/ k 2

Paper Velocity
6
3

(in./sec.)
12
9

TENSION (lbs)
Paper Velocity
(in./sec.)
12
6

8.94

13.1

14.4

15.7

22.5

23.6

10

.307

.0964

6.45

11

.551

.0964

4.8

9.45

21.6

23.0

12

.9

.0964

3.96

7.9

21.6

22.9

13

•7

.06

4.47

10.25

11.6

12.1

14

2.05

.13

2.41

5.70

11.65

12.2

.532

1.29

2.07

12.7

13.1

15

15.7

13.1
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VII.

DAMPING THE ARM

The brake arm can be damped by introducing a fourth
term in the second order differential equation for the
brake arm.

This term is the arm velocity term

(dO^/dt).

The differential equation for the brake arm now becomes
Kq

(d20a/dt2) + K 4 (d©a/dt)

- K 2 (Q0 -©a ) + K 3 = 0 .

The critical damping ratio can be calculated from the above
differential equation by solving the complementary function,
K1

ea + K4 ©a “ k 2 (0o -ea) + K 3 = 0

(Kq D 2 + K 4D + K 2 ) ©a = K 2©0 - K 3
D = - K4 +

\/ K 4 a - 4KlK 2

2 Kl
Since the term under the radical is the damping function,
k4

= 2

/ KqK2

damping ratio.

can be used to determine the critical
A value of I .67 for K^/Kq provides critical

damping at a roll radius of 15 inches.

It can be noted that

the critical damping ratio increases as the roll radius
decreases.

Since the damping value cannot change as the

paper unwinds,

the critical damping ratio at the 15 inch

roll radius was used.

A larger ratio would produce an

over-damped condition at the larger radii.
An investigation of different damping ratios from no
damping to critical damping reveals a decrease in arm angle
and arm oscillation as the damping ratio approaches critical.
Because the arm angle was the determining factor with the
undamped condition, the addition of damping on the arm allowed
a greater range of paper velocities

(See Plate 6).
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The smallest arm angle occured at the critical damping
ratio; therefore, this ratio was used to investigate c o n 
ditions at smaller roll radii.

From earlier data, it was

determined that the maximum arm angle occured at the largest
roll radius and that the maximum tension occured at the
smallest radius

(See Plates 3 and 5).

Plate 6 shows the effect of the damping ratio on the
arm angle at different damping ratios including critical
damping.

The effect of critical damping on the arm angle at

lower radii is also shown.

This plate reveals that the paper

velocity can he increased to approximately 33 inches per
second if critical damping is employed.

The maximum paper

velocity occurs at the maximum roll radius of 15 inches and
is accompanied hy a very slight increase in paper tension
compared to the identical undamped condition.

Maximum paper

tension occurs at the smallest roll radius and the highest
damping ratio, but this increase over the damped condition
shown in Figure 8 is not too great.
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TABLE 3
Damped Condition

Paper
Run Velocity
Mo. (in/sec)

Damping
k 4A i

Brake Arm
Angle
(degrees)

Paper
Tension
(pounds)

Angular
Velocity
(rad/sec)

Paper
Roll
Radius
(in.)

16

14

1

5.16

14.5

3.65

5

17

16

1

5.7

14.5

4.9

5

18

20

1

8.2

14.6

5.1

5

19

6

1.67

0

13.8

2.27

5

20

12

1.67

.86

14.5

4.43

5

21

16

1.67

1.38

11

5.4

5

22

25

1.67

3.04

15.8

9.3

5

23

30

1.67

4.8

16.2

10.8

5

24

12

1.67

3.95

12.6

1.04

15

25

20

1.67

5.85

12.7

1.62

15

26

30

1.67

12.9

2.25

15

10.7
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VIII.

RESULTS

The graphs representing arm angle and tension versus
constants K^/Kp and K^/Kp indicate a decrease in the arm
angle as the K^/Kp ratio is increased.
paper increases with the Ko/K-^ ratio.

The tension in the
Therefore, a com

promise between the arm angle and the paper tension was
obtained.
Graphs representing the arm angle versus diameter of
roll, tension versus diameter of roll, and velocity of
paper versus angle of arm indicate that maximum brake arm
angles occur at the maximum radius of the roll.

Therefore,

the weight of the brake arm was calculated from the K^/K-^
ratio, and the spring constant was determined from the
K 2/ K 1 ratio after assuming a reasonable brake drum radius.
The optimum values obtained for the undamped system
were .06 for the K^/K^ ratio and .7 for the K^/K-^ ratio.
These values produce an arm weight of 68.6 pounds and a
spring constant of 89.1 pounds per inch.

Since the maxi

mum arm angle occured at the maximum roll radius of 15 inches
and the tension only increased slightly as the radius de
creased, the maximum radius was used to calculate the brake
arm weight and the spring constant values.

It was also at

this radius that the maximum allowable paper velocity occured.
This velocity was 13 inches per second for the undamped
system.

The maximum velocity was determined from Plate 3.

A velocity greater than 13 inches per second would drive
the arm angle above 12.5 degrees which is the maximum allowable
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angle since unity was assumed for the cosine of the angle.
An angle of 4.9 degrees was required before the brake was
completely released.

This angle occured at the 15-inch

radius and decreased as the radius decreased.

Con

sidering the undamped system, the brake was on approximately
one-half of the time at the maximum radius of 15 inches and
at the maximum velocity of 13 inches per second.

As the

diameter decreased, the brake was on an increasing amount.
Therefore, as the radius approached five inches,, the brake
was on continually, due to the fact that the arm angle was
decreasing.
The arm angle and arm oscillation can be reduced by the
addition of a damping term.

This term reduced the arm

angle so that a 33 inches-per-second paper velocity was
reached before the brake arm angle reached its maximum
value of 12.5 degrees.

This maximum paper velocity was

determined at the maximum roll radius of 15 inches, a critical
damping ratio of K^/K^ = 1.67 and a paper tension of 12.5
pounds.
The paper tension at a radius of five inches was in
vestigated, using the critical damping ratio for the 15-inch
radius.

This investigation was made because the maximum

paper tension occurs at the smaller roll radius.

The study

revealed a slight increase in paper tension from 12.5 pounds
to 16.8 pounds at the maximum paper velocity established at
the 1 5 -inch roll radius, but the paper tension increase was
not great enough to warrant a decrease in the maximum paper
velocity.
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The a d d i t i o n of d a mp i n g red u c e d the f l u c t u a t i o n in the
p a p e r tension while i n c r e a s i n g the t e n s i o n very slightly.

The minimum to maximum condition of the paper tension
varied only from 11.7 pounds to 16.8 pounds from the u n 
damped to the damped condition.

This would suggest that the

tension is an important factor to consider but will not reach
a critical condition before the brake arm angle has reached
its maximum allowable value.
The c r itical d a m p i n g a l l o w e d the brake a rm to rea c h
an angle

large e n o u g h for the brake to be r e l e a s e d one time.

Aft e r that,

the a r m r e m a i n e d b e l o w the angle r e q u i r e d for

the brake release.

Damping the arm resulted in an increase in angular
velocity of the roll which can be seen in Figures 7 and 8.
The figures reveal an increase in angular velocity of the
roll as the roll radius decreases.

This indicates that the

maximum angular velocity of the roll occurs at a roll radius
of 5 inches and at the critically damped condition for a roll
radius of 15 inches.

An angular roll velocity of 11.4 radians

per second is associated with the maximum paper velocity of
33 inches per second (See Plate 7).
Figure

8 shows that the a n g u l a r v e l o c i t y does not vary

fr o m zero like the u n d a m p e d sys t e m in F i g u r e 7 but reaches
a m a x i m u m value and then becomes cons t a n t at a v e l o c i t y
slightly b e l o w maximum.

From these results, it can be concluded that a maximum
constant paper velocity of 33 inches per second can be

obtained with a paper tension of approximately 16.8 pounds,
angular paper roll velocity of 11.4 radians per second,
damping ratio of K^/K]_ = 1.69* brake drum diameter of
6 inches, spring constant of 89.1 pounds per inch, and
brake arm weight of 68.6 pounds.
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